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EXISTENCE AND UNIQUENESS THEOREMS FOR THE
NEUTRON TRANSPORT EQUATION

Abstract

In an attempt to understand the conditions under which the neutron trans-
port equation has solutions, and the properties of those solutions, & number of
existence and uniqueness theorems are proved. One finds that the properties of
the solution are closely related to the boundedness of the source as well as to
certain velocity-space integrals of the scattering kernel. Both time-dependent
and time-independent equations are considered as are also the time-dependent and
time-independent adjoint equations. Although only a very few of all possible
existence and uniqueness theorems for these equations are considered here, the

work may serve as a guide to the treatment of similar problems.
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I. Introduction

Various theorems concerning the existence and uniqueness of solution to
the neutron transport equation have appeared in the literature. For example,
Case (1) has proved uniqueness for the one-speed, time-dependent equation
under the assumption that the kernel is rotationally invariant. He has, in
addition, shown that under the same assumptions the sclution of the time-
independent equation is unique if e{r), the mean number of neutrons emitted
per collision, is everywhere less than one. Olhoeft (2) has considered the
more general veloclty-dependent case, and has shown, subject to the same
restriction on ¢, that a unique, Integrable solution exists for the time-
independent equation. Davison (2) has made some rather general remarks con-
cerning existence and unigueness for the time-dependent case, but has only
outlined the methods of proof and has actually said little about the restrlctions
which must be imposed 1in order that the theorems be true.

Basically, the situation 1s the following: There are a number of pos-
sible restrictions which cne can imagine might be aprlied to the cross-sections
and sources sppearing in the neutron transport equation. For certain of these
restrictions it 1is possible to prove that continuous solutions exist; for other
sets of restrictions the solutions may not be continuous but still integrable
functions of one or more of the independent variables involved (i.e., position,
velocity, and [in the time-dependent case] time). For other restrictions, it
may be impossible to prove anything. We have investigated & large number of

possible restrictions which might reasonably be imposed upon the cross-sections



and sources, and investigated the existence of unique solutions for each case.
In this way, we have tried to bring some order into the chaos of "obvious"
or partially proved results which at the present exist in the literature.

In addition, we consider not only the transport equation but the time-
dependent and time-independent "adjoint equations," and investigate the suf-
ficlent conditions that unique solutions exist for those equations. It turns
out that there are many cases in which existence and uniqueness theorems can
be proved for one or the other, but not both.

In Sec. II of this paper, we convert the transport and adjoint equations to
integral equations in the usual manner. Then, in Sec. III, we discuss the re-
strictions on the sources and cross-sections which will, for physical reasons,
be applied in all cases.

Then, in Secs. IV and V we consider various existence and uniqueness theorems
for the time-dependent transport and adjoint equations. In Sec. VI we consider
theorems for the time-independent equations (both transport and adjoint) and
finally, in Sec. VII, we discuss certain "by-products” of the theorems -- a
formula for the mirimum critical size of a reactor and a proof that the time-
dependence of the solutions of the time-dependent equations must obey certain
restrictions.

We have made no attempt to be comprehensive in our treatment of the existence
and uniqueness problem. Indeed, one can imagine virtually an infinite number
of possible theorems similar to those which we prove. However, we have pre-
sented some of those which we feel have the most intrinsic interest and, in ad-
dition, demonstrate well the method of proof. In this way, if any of the
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conditions which we consider are not met in a particular problem, our work may

serve as a gulde to the correct treatment.

II. The Integral Equation Formulation

A. The Transport Equations

The time-dependent transport equation is

a\V(E:}_{: t)

a + v(@-g+o(z, ¥)v(z,v,t) = alz,v,t)
t

+fV'O(I,m""\_f)\]I(E,X',t)dSV 3 : (la)

while, in the stationary limit, we have

V(2 prolr, ) W(z,y) = alz,v) + f vio(z,v '+ )¥(r,v')a%" . (1b)

Here ¥ is the neutron angular density (i.e., the one-particle distribution function);
v = vQ is the neutron velocity; U(I’X) is the total cross section, and the kernel
c(z,z'*x) is the cross section for a neutron of velocity v' to be emitted into d3v
about v.

Eq. (1) may be converted into integral equations in the usual way, i.e., by
introducing the Green's function of the left hand side. This Green's function is

well known (4). We obtain for the integral equation equivalent to (la)

t ,
¥(r,v,t) = Qr,v,t) + [ dt'fdsv'V‘o(_lc-z(t-t'), V')

t
x y(r-v(s-t"),v,t')exp -I~.w(g-z(t-t"),x)dt" , (2a)
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where

t
Azr,v,t) = ¥(z-vt, v, O)exp:[ vo(z-v(t-t'),v)dt’

t t

4:/ at'q(r-v(t-t'),v,t')exp L[ vo(r-v(t-t"),v)atl .. (2b)
(o) t

Actually, we shall prove theorems involving the existence and uniqueness of
solutions Wwithin a given volume of space V bounded by a surface S when the incoming
(or, in the case of the adjoint equations, the outgoing) angular distribution is
specified on S. The simplést way to modify Eq. (2} to describe this situation is
to define q(r,v,t), ¥(r,v,0), o(r,v), and o(r,v'+v) to vanish for r ¢ V. Then
the specified incident angular distribution%(zs,x,t) is replaced by a surface

source qg4(rg,v,t) o S in the usuel manner (4).

5(z,¥t) = v|@mo|¥i(zg,¥,t), 8:1o, >0

= O otherwise, (3)

where n, is the outward normal to S. Then Eq. (2) still applies (understanding
the redefinitions of q, ¥, o, and o(r,v'+v) mentioned above) with an additional

term Qg added to Q, Eq. (2b) to account for the surface source:

Qs = ?ly'ﬁscEs"_”t'Rs/V)exP Ea(ErE'RsQ’XE] . . (k)
Here o is the usual optical path

ar,v',v) = l dso(;-.s__—g-) , (5)

R Y R



vhere R; is the distance from r to the surface S along the direction -0 (See Fig.

1)0 Note: RB = Rs(s,g).

Fig. 1

Eq. (2), thus modified, is the general integral equation formulation of
the time dependent neutron transport problem with which we shall be concerned.

It is convenlent to rewrite it in the somewhat more tractasble form

‘V(E;X:t) = Q'(E:!:t) +K‘V(£’X;t); (6a)

where K is the integral operator

t t
Kf(r,v,t) = [ dtjdarfd3v'5(£'-£+w_r(t-t'))exp f vo(r-v(t-t"),v)dt"
) t’

x vig(r',v'»v)flr',v',t") , (év)
and:
Q'(r,v,t) = Q(r,v,t) + Qglr,v,t) . (6c)

The integral equation formulation of the time-independent transport equation
(1b) 1s obtained in just the same way, i1.e., by introducing the Green's function

of the left side of Eq. (1b). We obtain



o(r,v) = Q'(z,y) +ae(r,v), (7e)

where A is the integral operator

PB .
Af(r,v) = [ dR/d?rL[dsv’s(g'-g+Rn)exp E}‘(IE"XE‘ vio(r',v'+v)f(z',v'), (o)

R
Q'(zr,¥) = qglrg,v)exp Ed(z,_z;-RsQ,xEl +[ a(x-RQ,v)exp EG(E'I'R_@’XE' dR, (7c)

and

°(I)!) = W(E)X)' (1d)

Again we mention that the cross-sections and sources have been defined to vanish

for r 4.V (or for t <0).
B. The Adjoint Equations

The time dependent adjoint equation 1s defined to be

a;(z;zit)

3 + v(-Q-v+olr,y) W zv,t) = alz,v,t)
t

+ t[dSV'U(EJ_m')$(£}X'): (8a)

vhile the time-independent adjoint equation is

(-0 To(r,y)F(r,y) = dlz,v) +vj v io(z, v )i(z,y') - (8b)



The adjoint of a solution of Egs. (la, 1b) will be taken to be the solution of
Egs. (8a, 8b) subject to appropriate boundary conditions.

These boundary conditions are that the outgoing density on S, wo(zs,x,t),
rather than the incoming, will be specified. As before we replace the boundary

conditions by a surface source

Es(_r_s,z,t) VIQ'Eol‘l’c(Es,Y_:t): f°ng >0, t >0,

0 otherwise . (9)

We now convert Eq (8) into integral equations just as for the case of trans-

port equations,obtaining for the time-dependent equation

Wr,v,t) = Q(z.wv,t) + K(z,v t), (10a)

vhere K 1s the integral operator
t " 3 3 t
Ke(r,v,t) = YZ“ dtl/ d~V1/\d v'8(r'-r-v(t-t'))exp :/f vo(r+v(t-t"),v)at'
-t'

x olr',»v )e(r',v',t"), (10b)

and

t
Q'(r,v,t) = ¥(r+vt,v,0)exp -[ vo(r+v(t-t"),v)at’

t t
+ Zﬁ dt'&(£+z(t-t'),z,t9exp :/r vo(r+v(t-t"),v)at’
t'

\

+ L ag(ze,¥, t-Re/v)exp |-olr,r+Rogiy)| - (10¢c)
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As before cross-sections and the initial distribution are defined to vanish

for r ¢ V. Also, Rg = Rg(r,0) 1s the distance from r to the surface along the

direction +Q (rether than along the direction -Q as in the case of the transport

equation). See Fig. 2.

Fig. 2

For the time-independent adjoint equation we obtain similarly

where A is defined by

and

Wry) = 38 () + Wy, (11a)

~

s ‘
[Tunf [ vtz mpens otz

alrt,vwv')e(xt,v'), (11b)

gz v)exp |-o(x rRa,v)

~

R
+[ a(r+RQ,v)exp ,;a(z,smg,zj 4r. (11c)

ey



IITI. Basic Definitions and Assumptions

In all of our subeequent discussions we shall assume that the source functions
Q'(r,v,t) and 5'(5,X,t) es well as the cross-sections o(r,v'+v) and o(r,v) obey
certain physically reasonable conditions.

1. Q' and @' are positive for all values of thelr arguments.

2 Either Q' and 5' are bounded or they can be written as the product

of bounded functions multiplied by delta functions in one or more of

their arguments.

3. There exists a vo <  such that for |¥| >vg, Q' and Q' vanish identi-

cally.

L. There exists a vi< w such that o(r,v'+v) = 0, for v >v' >vq.

Assumptions (3) and (4) permit us to avoid any difficulties that the infinite
range of the velocity variable might otherwise introduce since together they imply
that there are no neutrons present with speeds greater then vy = Max(vo,vl). Then

the integrals over v' in any of the integral equations can be written as

.Vm
f adv' -»fdg'\[ v'adv' . (12)

These restrictions can actuslly be relaxed to some extent; we might assume that
Q' and 5' go to zero sufficiently repidly as v = «» that, if other restrictions
are obeyed, the infinite range of v need not cause any trouble. However, assump-
tions (3) and (4) are physically reasonable, and so wé shall meke no attempts to

relax them.



5. o(r,v'+v) can be written in the form
olzyi) =) M(Doyly'sn) (13)

vhere Ni(r) is bounded. (Actually Ny(r) represents a density of nuclei,
and o4 1s a microscopic cross-section, so we are merely assuming that
there are no infinite concentrations of atoms present in the systems
that we consider.)

6. The cross-section o(r,v) can be written in the same form:

a(zr,y) = Z’ﬁi(z)q&) . (14)

7. voi(v) is bounded. We expect o; (v) to be bounded except possibly
for v*0, in which case we admit oy(v)~ 1/v.
8. o1(x,v), olr,v'+v), o1(v) and oi1(v'+v) are all positive.

9. The function

e(r,v) = k/;(E:X?X')dav' (15)

G(E’I)

is positive. This assumption is also physically reasonable, since

c(z,x) represents the mean number of neutrons emitted per collisionm.

We define a similar microscopic quantity &;(y) which is also bounded

g1(v) = f_i._______i(m')dsv'
- o1(v)

. (16)

10



We shall also have occasion to use two further functions,

e'(ry) = ﬁ’(i"!"!)da"' (17e)
olr,v)
and
e"(z,v) = ﬁ'o&g:x'*x)d"v' : (17b)
U(I)X)

It may be noted that ¢' and ¢" may not always be bounded but they (1like c)

are alweys positive. Similarly t'e functions

1 Byt
g (v = J "ig(})d . (18a)

and

" ~/V'°i(!"'.‘£)d3v' &
g"(v) = o (v) (18v)

may not be bounded but, like gi(z), they are positive.

1V. The Time-Dependent Transport Equation”

Bearing in mind the restrictions discussed in Sec. III, we consider now
various existence and uniqueness theorems for the time-dependent transport equation.

Theorem 1. Let Q'(r,v,t) be bounded. Then if ¢"(r,v) is bounded, a unique,

positive, and continuous sclution..to the time-dependent transport equation

exists.

11



We prove the theorem by constructing the Neurmm series solution to Eq. (6):

V(E:X}t) = Z‘l’n(E:X:t) ’
n=o0
vhere

‘VO(E"_’)t) = Q'(_I_"X:t) ’

and

u

‘Vn(f:_v_')t) K\Vn-]_(g,x,t) .
By hypothesis

Ofyg=M<w>.

Furthermore

‘V'(E’_‘[:t) = KQ'(E)XJt)
S Me'paxOpex t -
Continuing the iteration we find
n R
In(z,v,t) s M(c"paxOmax) —

Thus, the Neumannseries converges pointwise, and the theorem is proved.

(19)

(20a)

(20Db)

(21)

(22)

(23)

The fact

that v(z,}_r,t) is positive follows from the fact that every term in the series is

positive.

12



Next, assume that °"(£’X) is not bounded. Then we can state:

Theorem 2. Let Q'(r,v,t) be bounded. Then a unique, positive solution to
the transport equation exists which is a continuous function of t and r

and an integrable function of v.

Proof: The proof proceeds along the lines of Theorem 1; however, it is suf-

ficlent to show that the series

Zfasvwn(;,z,t) (24)

n

converges polntwise. Consider first

t ‘
ﬁsvw.(s,x,t) s Mf dt'fv'd‘*v'fd"vc(z-x(t-t"),z'*x> . (25)

[¢]

However, ve have assumed in Sec. III that o(r,v'»v) could be written in the form

o(x,v'+v) =ZN1(_1;)61(3'*3) ) (26)

vhere the Nyi(r) are bounded, say by Nio. Then

fdavw'(r,v,t) 3 MtZNiq/v'dsv'gi(v')ci(v') . (27)

But £4(v') and g4(v') are assumed in Sec. III to be bounded, say by &4, and

040+ Then

/hdavw,(z,z,t) s Mtziyiogiooielﬁv'dav' s (28)

\

and since v' § vy (cf. Sec. III), we have

13




fdavwi(z,x,t) $ Kt , 0 § K<ow. (29)
Similarly, we find

/‘davwn(s,x,t) s K 5 s K <a. (30)

and the theorem is proved. Again each term is positive, so that the solution is
positive.

Next consider the case that Q'(E,y,t) is not bounded, but integratle. The
following theorems are simple to prove by straightfor ward construction of the

Neumem series, as above.

Theorem 3. If Q'(r,v,t) = Qu(r,v)8(t), where Qo(r,v) is bounded, then,
for the time-dependent transport equation
(a) If ¢"(r,v) is bounded, a unique, positive solution, ¥(r,v,t),
exists. ¥(r,v,t) is a continuous function of r and v, and

¥(r,v,t)-Q'(r,v,t) is a continuous function of t.

(b) If e"(r,v) is not bounded, then the solution, ¥(r,v,t), may be
an integrable rather than a continuous function of v. Otherwise

the conclusions are unchanged.

Theorem 4. If Q'(r,v,t) = Q,(r,t)8(v-vy), where Q,(r,t) is bounded, then,

(a) 1If vo(r,v'»v) is bounded, a unique, positive solution ¥(r,v,t)
exists. ¥(r,v,t) is a continuous function r and t, and ¥(r,v,t)-

Q'(r,v,t) is a continuous function of v.

14



(v) If vo(r,v'»v) is not bounded, then ¥(r,v,t)-(r,v,t) may be an
integrable, rather than a continuous, function of v. (In proving
pert (b) we make use of the fact (cf. Sec. III) that v and &4(v) have
both been assumed bounded.)

Theorem 5. If Q'(r,v,t) = @Q(v,t)8(r-r,),where Q(r,t) is bounded, then
(a) 1If ¢"(r,v) is bounded, a positive, unique solution y(r,v,t)
exists. W(E:X:t) is a continuous functiocn of v and t, and an integr-
able function of r.

(b) Ifc"(r,v) is not bounded, then y(r,v,t) may be an integrable

rather than a continuous function of v.

The thecrems for the cases in which Q'(z,z,t) involves a delta function in
more than a single variable may easily be constructed by appropriately combining

the above theorems. We shall not state them seperately.

V. The Time-Dependent "AdJjoint" Equation

Here we deal with Eq. (10).

The theorems will all be stated without proof, since the proofs are completely

analogous to those given in the previous section.

Theorem 6. If Q'(r,v,t) is bounded, then a continuous, unique, positive
solution exists. (Note that in proving this theorem it is necessary tc

make use of the fact that ¢(r,v) is bounded (cf. Sec. III).)

15

r?



Theorem 7. If Q'(r,v,t) = Q(r,v)8(t), vhere Q, is bounded, then a
unique, positive solution, W(z,_\_r,t) exists. W(_:_',_y_,t) is a continuous
function of r and v, and ¥(r,v,t)-§'(r,v,t) is e continuous function

of t.
Theorem 8. If Q'(r,v,t) = Qu(r,t)8(v-v,), where §, is bounded, then

(a) If vo(r,v'+v) is bounded, a unique positive solution, W(E,x,t)
exists. V¥(r,v,t) is a continuous function of r and t, and ¥(r,v,t)-
§'(r,v,t) is a continuous function of v.
(v) If vo(r,¥y'+y) is unbounded but §;'(r,v) 1s bounded, then the con-
ditions above hold except that W({,x,t)-ﬁ'(z,z,t) may be an integrable,
rather than a continuous, function of v.

Theorem 9. If 5'(5,1,1;) = ag(\_f,t)S(_I_‘-Eo), where Q21is bounded, then a

a unique, positive solution, ¥(r,v,t), exists. ¥(r,v,t) is a continuous

function of v and t, and an integrable function of r.

Again when &' involves delta functions in more than a single variable, the
appropriate theorems can be constructed by appropriately combining the results

above, and so we shall avold stating them explicitly.

VI. The Time-Independent Transport and Adjoint Equations

In certain rather restrictive cases, it can be proved that unique, positive
solutions of the time-independent transport and ajoint equations exist. In gen-

eral, the restrictions are much more severe than is the case for the time-dependent

16



equations; we shall see later that this is to be expected.

Theorem 10. Let Q'(r,v) be bounded and positive. Then if c¢'(r,v) <1, a
unique, positive, and continuous solution to the time-independent trans-

port equation (Eq. (7)) exists.

We note that the integral equation (7) dfffers from Eq. (1b) in that in the
former the dependent variable is the angular flux, ¢(r,v), rather than the angular
density y(r,v). Thus all theorums which we shell prove involving the time-
independent transport equation may not apply to the angular density unless y( g,x)
vanishes sufficiently rapidly as v*o. This 1s not a real worry, since one is

generally interested in the flux rather than the angular density.

As usual, we prove the theorem by constructing the Neumamn seriles:

¢(r,v) = Zon(s,x) , (31a)

with
oo(r,v) = Q'(x,v) , (31b)

and
on(r,v) = AP(r,v) = At (r,v) . (31c)

By hypothesis, ¢,(r,v) is bounded and positive:

0 5 oy(r,v) 8 M < w. (32)

17



Next assume 0,,..1(5,!) is bounded by M', say. Then

°n(£;Y_) = Aon-l(_-'l:’x)
s M'c 'm[ dRexp Ea(z’z-m‘)ﬁﬂ U(I_'R_Q’X) . (33)

The integral is easily shown to be equal to unity. Thus

ono(r,v) s M'c'may <M', (34)

' since we have assumed c’(_x_',!) < l. This proves the theorem since the Neumannseries
converges pointwise, and each term is seen to be positive.

The next theorem is readily proved in essentially the same manner.

Theorem 11. If Q'(r,v) = @Q,(r,v)8(v-v,), vhere Q,(r) is bounded, then
1f ¢'(r,v) <1 and o(r,vo*v) is bounded, a unique, positive solution, ¥(r,v),
exists. V¥(r,v) is a continuous function of r and ¥(r,v)-Q'(r,v) is a

continuous function of v.

Theorem 12. If o(r,v)Q'(r,v) is integrable, then if c(r,v) <1, a unique,

positive, integrable solution exists.

This is the theorem proved by Olhoeft (2). The procedure is to construct the

Neumam series for the collision density x(_z_',z) defined by

x(r,¥) = olx,v)e(r,v) , (35)

and prove that

18
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f a%vasrkan(r,y) 3 f a*ra®win(z,v) - (35)

Since the details are given in Ref. 2, they will be omitted here.

We next turn our attention to the time-independent adjoint equation. Here
the theorems are quite analogous to theorems 10-12 proved for the transport
equation, except that the roles of ¢ and c' ‘a.re reversed. Since the proofs are

80 similar, we simply state the theorems.

Theorem 13. Let 1 §'(r,v) be bounded end positive. Then if c¢(r,v) < 1,
v =2 ERAL
a unique, positive, continuous solution exists to the time-independent

adjoint equation.

Theorem 14%. Let L Q'(r,v) = Qu(r)8(v-v,), where Qu(r) is bounded and
v
positive. Then if ¢(r,v) <1 and o(r,v*vo) is bounded, a unique, positive

solution, 'J(_g,x), exists. '\I;(E,X) is a continuous function of r and

v - -3'; Q@ is a continuous function of v.

Theorem 15. If ¢'(r,v) <1, and if% o(r,v)Q'(r,v) is integrable, then a

unique, positive, integrable solution exists.

Note that in each of these theorems we have placed restrictions on % 5,'
rather than on 5’. If we make the reascnable assumption that no zero-energy
source neutrons are introduced into the system, then the conditions can equally
well be stated as condltions on a'rather than on %;- 6'.

Next we prove a uniqueness theorem for cases in which existence has not been

proved.

19



2
Theorem 16. If a solution of class L” of the time-independent adjoint equa-
tion exists, then an L? solution to the time-independent trensport equation,

if it exists, will be unique.

We sketch the proof: Suppose there are two solutions to the transport equation,

wl and ‘Va' Then V = ¥, =¥, obeys the equation

f vio(z,y v,y )adv', (37)

V(8 g+o(z,v))v(x,v)

with

W(fs)X) o, Q'Eo <0. (38)
Consider the adjoint equation with zero outgoing angular density.

v(-0*y+o(zr,v) ) ¥(xr,v) = E(s,z)t[vo(z,x*x')W(z,x')dSV', (39)

¥(zg,¥y) = 0, gmo >0 - (ko)

(We have hypothesized that such a solution exists.) If we now multiply Eq. (37) by

¥(r,v), and multiply Eq. (39) by ¥(r,v), subtract and integrate over r and v we

obtain

/dsv/ asa no¥(z,v)¥(zr,v) = jdszfdavfd%'V'o(I,x'*z)

-fdsxfdawi/d%'vc(g,'x*x')g(_z:,z')v(_zg,z)

- e[ ety - (b1)

20
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The left hand side of this equation has been obtained with the help of Gauss's

Theorem, end by virture of Eqs. (38) and §0), it venishes. Similarly, the first

two terms on the right side of Eq. (41) cancel, and we obtain

f darf vz, v)ilz,y) = 0. (42)

Since §(r,v) is arbitrary (end positive) it follows that

W(I)X) = 0, (43)

proving the theorem.

We note that the conditions of this theorem are sstisfied for (among other
cases) ¢(r,v) <1; thus, Eq. (39) can posess no solution for ¢(r,v) <1 subject
to the boundary conditions (38). Since these are precisely the equations satisfied
by the neutron density in a reactor, we have succeeded in proving, as a by-product,
the not surprising result that a reactor cannot be critieal if fewer neutrons are
emitted than absorbed following each collision (¢ <1). A simpler proof of this
theorem (and of the following theorem) for the case that only scattering and pure
absorption are present, (i.e., no fission) is given in the Appendix.

The analog of Theorem (16) is:

Th&orem 17. If an L2 solution of the time-independent transport equation
exists, then an L2 solution of the time-independent adjoint equation, if

it exists, will be unique.

The proof of this theorem is essentially identical with that of Theorem 16.

The implication of this theorem is that a reactor cannot be critical 1if c'(g,z) <1l.



This can be seen from a slight modification of the arguments used above to show the

same result for ¢(r,v) <1.

VII. Some Miscellaneous Results

In the previous section we have pointed out that the uniqueness of the time-
independent solution is equivalent to the statement that a reactor cannot be critical.
Thus we have shown (Theorem 16) that no reasctor can be critical for ¢(r,v) <1,
vhich 1s, of course, physically obvious. However, such a condition is somewhat too
stringent since 1t is clear that for a system of finite size neutron leakage may
prevent & reactor from becoming critical even for ¢ somewhat larger than one.

We can obtain an estimate of the minimum value of ¢ for which a reactor of a
given size will become critical from Theorem 12. The proof, vhich we omitted in
Sec. VI, involves the construction of the Neumann series solution to the following

integral equation for the collision density x = o¢:

Wzy) = olz,v)Q (z,v)+#x(z,v) , (44a)

vhere A is the integral operator

& ! Y 1
At(x,v) =[ dedav'v'*vdsr'exp Ea(g,g',x] o(r,v)8(r'-r+RQ) orty' ¥ £f(r',v') .

0(2')!')

(4bp)
In the proof, one shows that if
/jdsvdarxn(_x_‘,x) § M, . (458)
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that

S e (em) ¢ cunst - (i50)

Actually, a somewhat stronger condition holds, since from Eq. (44b) it follows im-

mediately that

ffdansrAxn-M,(!’X) = L/:lsl:/ﬂdavfds‘."(l'exl’ Ea(ziz"'Rs_f_l:Xﬂ )d(z)!'/"v) X_'r.l.(_z:.!.'_).

G(E:!)

(46)

In obtaining (U45b), the exponential in Eq. (46) was set equal to zero. If instead

ve approximate Eq. (46) by the following expression

(l-e;?);/l/- Xn(z,v')a%radv' , (47)

we see that an approximate limit for the convergence of the Neuman series is

T o< 1_ . (48)

Here T is the average optical chord length of the system and € 1s the average value
of ¢(r,v).
This expression should give a rough estimate of critical size since one can

write

T = 3t , (49)

vhere T is the average cross-section and £ is the average chord length (=4V/g). ~

)



The averages of ¢ and ¢ are taken both with respect to r and v.

A second result which follows from the theorems proved in the earlier section
is that the solution of the time-dependent transport or adjoint equations can in-
crease no faster than exponentially if the source is of exponential order or less.

Consider first the transport equation. Let us write the source in the form

Q"(z,v,t) = Q(z,v)f(t) . (50)

For simplicity we shall assume that @, and ¢" are bounded. Then we wish to examine

the time-dependence of the Neumann series, Eq. (19). Since Q, is bounded we have

v, = Me(t) (51)
t
v, % m“mcmftf(t)dt ) (52)
o
and in general
t Y -1
¥, S M‘(c"maxomu)ri[dt{[dtz"'f tof(tylaty . (53)
Now from Euler's identify
t vtn..l t =1
[avy [ wmttematn =[O e (54)
° o (n-1):
we have
n
Yo § M(C'payOpay) frax = (55)
n-
Thus
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= 1" n
v 5 Mfpex Z (" maxImax*) (56)
n=o n!
or
v § Mfpgyexple” o 0. t) . (57)

Thue the time behavior of ¥ is asymptotically given elther by £(t) or by the
"
t
exponential ¢° max%max , whichever is more important at large times.
I £(t) = €Y, the integral in (54) can be evaluatéd explicitly.

- \ t
I(t) = [z-t—--t'—)n—l gt . ‘em[rl e %ar . (58)

(n-1)! 1)4

Clearly
- =0t
(6) = 2 ()T (=) (59)
(n-1)¢ o] a
8o that
| (" paxOmay) (-1)° 71 3T 1.e™
Wn $ (n-l)! wn-:l. ( o ) » (60)

forn >0. Then

n -at
VoSN (e maomee™ ) (Cmaoma)® ()" 2 (2=, (V)

n!
n=0

or

5



v & M (1+ Omaxmax (eOF..° mex®mext (62)

"
¢ “maxmax

vhere Taylor's theorem has been used to perform the sum. We note that this limit
is always positive.
A very similar argument can be used to delimit the time behavior of the

adjoint equation; we shall omit it here.
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Appendix

Theorems (16) and (17) may be proved in a different manner from that used in
the text if we assume that no mechanism is present for neutron regeneration other
than ordinary elastic and/or inelastic scattering. (We.note that in this case
e(r,v) £1.) In such a case, we expect that the kernel o(r,v*v) obeys the

principle of detalled balance
v'M(v)o(r,v'+v) = wM(v)o(z,vv'), (a-1)

since in the absence of sources and c£inks of neutrons, an equilibrium should be

aspproached. The equilibrium spectrum, M(v), is the Maxwell-Boltzmenn distribution
2 1 M2
M(v) v expEE -ﬁ-] . (A-2)

Consider now Eq. (37) of the text, with the boundary condition, Eq. (38).

Define a new dependent variable by the relation
o(r,v) = F(r,v)¥(r,v) , (A-3)

where F(I:X) is some well-behaved but otherwlse arbitrary function to be chosen

later. Then Eq. (37) becomes

0 VOO = [] ] o .!') ] -
vyl X f”(!ﬂ)_{._m asv' (A-)
with
¢(gsv) = 0, g9mp<o0. (A-5)
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(The function F must be chosen 20 that Eq. (A-5) is still satisfied.)
If Eq. (A-l4) is multiplied by ¢(r,v) end integrated over r and v we obtain,

with the aid of Gauss's Theorem

%f@%/ds"ﬁ"_’ﬁf:')' fd r—/‘d vva(r,v) F(r,v) ’

_ ffaavasv'v'a(;,x'q) ﬂ%—) . (A<6)
Next consider the identity
(o(z,¥) - o(z,x)1° 2 o, (A-7)
or
orw)o(zy) = L (ny) ¢ o(zy)) . (A-8)

Then, by virture of (A-8, the right side of Eq. (A-6) may be written

8yA3y 1y ' ¢ )o ')
ffdvdvvo(z,x-vx) F(E;x') . =

L f Jarvervryr 2@ (02(5,y) w2 (z,31)) (A-9)

F(r,v')

géfdvv olzy' e (z,x') &zt +12/fd Pvalyry DY IM)e2(r v) |

F(z, v’ F(r,v')

(a-10)
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1f we nov choose F(r,v') = (1') , the second term on the right of Eq. (A-10)
M(v

becomes

';;[j a3vav v'M(v*)o(x,v'+v)e%(z,v)

- 1 [ avarv otz )92z, (a-11)
by Eq. (A-1). This becomes, upon integration over v',
%ﬁst(v)o(r,y)c(r,2)¢2(r,z) . , (A-12)

writing M(v) for 1/F(r,v) throughout Eq. (A-6), and using (A-9), (A-10), and (A-12),

we find
%/ci'sk/wdsvzl_o-va(z,x)M(V) +ﬁ3rfd3va(v)c(z,x)°2(_z:,x)
-fdswo(g,z)c(z,z)vM(v)02(;,!) £0 . (A-13)

The first term on the left side of Eq. (A-13) is, by virture of (A<5), non-negative.

The other two terms combine to give
[ o[ eSrminstz, ¥z m e (200 (A1)

vhich is always non-negative since c¢(r,v) <1. However, Eq. (A-13) tells us that

the sum of these terms 1s non-positive. Thus

¢(r,v)g o, (A'15)
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and the theorem is proved. We see that a reactor with no fuel can never be critical.

The uniqueness of the time-independent adjoint equation for the care of no

reproductipn can be proved in an entirely analogous fashion. This method is a«
slight generalization of that used in Ref. (l) for proving uniqueness of the one-

speed equations.
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